We review Sawford's [Phys. Fluids A 3, 1577 (199 1)] second-order Lagrangian stochastic model for particle trajectories in low Reynolds number turbulence, showing that it satisfies a well-mixed constraint for the (hypothetical) case of stationary, homogeneous, isotropic turbulence in which the joint probability density function for the fixed-point velocity and acceleration is Gaussian. We then extend the model to decaying homogeneous turbulence and, by optimizing model agreement with the measured spread of tracers in grid turbulence, estimate that Kolmogorov's universal constant (Co) for the Lagrangian velocity structure function has the value of 3. 0_0.5. ( 1995 American Institute of Physics.
INTRODUCTION
In this paper we are concerned with the numerical va of the universal (?) constant C 0 that appears in Kolmog ov's theoretical small-time estimate
D j(At)=oCeoijAt
for the Lagrangian velocity structure function
Dij(At) = ([U+(t+ At) -U+(t)][U(t+ At)
-U,+(t) IHere the bracket 0 denotes the expected value of its c tents:
Us+ is the Lagrangian velocity.
[We U+,A+=,UJ+/dt for Lagrangian velocity and accelerati U,A=dU/dt denote the fixed point (Eulerian) velocity, acceleration fields.] t and t+ At are arbitrarily separa times: e is the mean rate of dissipation of turbulent kin( energy: and At in Eq. (1) is a time increment satisfy t0t<At<-TL, where to is the Kolmogorov inner time sc and TL is the integral time scale. Our interest in C 0 ste from the fact that predictions of turbulent dispersion, if tained using Lagrangian stochastic (LS) models satisfy the criteria provided by Thomson,} which include con tency with Eq. (1), will depend upon the value taken fot That this is so is seen most easily in the case of homo neous, stationary turbulence; for C 0 is then 2 In principle the "true" value of C 0 could be determined from investigations of any turbulent flow, and widely differalue ing means to do so have been exercised i.e., Lagrangian vegorlocity measurements; direct numerical simulations (DNS); the observed dispersion of tracer particles in a flow. It is perhaps not surprising that a wide range of estimates of C 0 is to be found in the literature. 3 Luhar and Britter 4 count for the variability in estimates of C 0 obtained using first-order LS models. By introducing a second-order LS model (in which the Reynolds number is explicitly incorporated and C 0 is truly independent of it) for homogeneous, stationary, and isotropic turbulence, he showed that in firstorder models the supposedly universal constant C 0 is not universal, but rather depends on the Reynolds numberReynolds number effects are manifested in first-order models through nonuniversality across different flows of the "best"
value of C 0 .
Our objective here then, is to use a Lagrangian stochastic dispersion model (of known pedigree) to infer from measurements of dispersion in the very simplest of turbulent flows, the true value of C 0 . To this end, we will first review the physical basis of Sawford's model. By broadening the wellmixed constraint to encompass acceleration, we will show that the Sawford model is uniquely correct for homogenous, stationary, isotropic turbulence; only provided it is a satisfactory assumption that for such turbulence the joint probability density function (PDF) for the Eulerian velocity and acceleration is Gaussian (Gaussianity of that PDF was not explicitly assumed by Sawford). Then by extending the model to decaying turbulence, we will evaluate the optimal value of C 0 , by fitting model predictions to laboratory measurements of tracer spread in grid turbulence.
II. SAWFORD'S SECOND-ORDER MODEL
Consider isotropic, homogeneous, and stationary turbulence, and let (Z+, W+,A +) be one component of the position, velocity, and acceleration of a tracer particle. Assuming that the collective evolution of (Z+,W+,A+) is Markovian (for very high Reynolds number, it is usually assumed that the evolution of velocity and position is jointly Markovian), one has the (otherwise general) model: (b2 (7) In homogeneous and stationary turbulence this requirement reduces to
We now introduce the assumptions upon which, in effect, the Sawford model rests. First, we assume the Eulerian velocity PDF to be Gaussian; this is supported by experimental data from homogeneous and isotropic turbulence.'
2 Second, we assume that the Eulerian acceleration PDF is also Gaussian (the validity of this assumption is explored in the Appendix). In stationary turbulence, velocity and acceleration are uncorrelated, and so in this case we obtain for the Eulerian joint PDF of velocity and acceleration: 
Now, we extend Thomson's well-mixed constraint by the following proposition:If at time t=to, p is proportional to Pa, the Eulerian joint PDF of the acceleration, velocity and
where in view of our Eq. (10),
It is obvious that this stationarity property is satisfied by the present (more general) model. This is not surprising because Thomson's well-mixed constraint encompasses the condition of the asymptotic stationarity of a random process.' Equation (10) automatically gives the correct velocity structure function in the dissipation range. It is desirable that it also yields the correct correlation function in the inertial (13), is independent of IV+ and A +, then a in Eq. (10) will be linear in W+ and This is the property assumed by Sawford as a preconditic his model for homogeneous, stationary, and isotropic tu lence. It follows from our reexamination of that model since the PDF of acceleration cannot be exactly Gau (see Appendix), the Sawford model cannot be exactly rect.
EXTENSION OF THE SAWFORD MODEL TO DECAYING TURBULENCE
In any real flow, energy dissipation ensures that the bulence cannot be both stationary and homogeneous. In section we extend the Sawford model to homogeneous caying turbulence, in order to develop a model applicab decaying grid turbulence.
In nonstationary turbulence, the Eulerian velocity acceleration are correlated:
Continuing to assume the Eulerian PDF for velocity an( celeration is a joint Gaussian, we then have 
mains, as given by Eq. (13), even in decaying turbulence.
IV. THE MAGNITUDE OF C 0
In second-order trajectory models, the constant CO is free (15) of the Reynolds-number effects and is therefore genuinely universal. This property makes it possible to determine CO by rk of fitting-second-order model predictions to experimental data. Loge-In grid turbulence the collective assumptions of homogened by ity, isotropy, and Gaussianity (of the velocity PDF) are aphigh proximately satisfied. Therefore, we will use Eqs. (4), (13) M=7.62 cm is the center-to-center mesh spacing; X is the O.
downstream distance from the source to the point of interest; and X 0 is the distance from the grid to the source (XO= 147.5 (16) cm).
id acIn decaying homogeneous turbulence the turbulent kinetic energy budget is approximately a balance between the dissipation rate e and advection by the mean flow, i.e., X exp4 -
Equation (7) 
The symbol (') represents the derivative with respect to time.
It is interesting that in this slightly more complicated turbulence the second-order model remains linear in A + and W+. Equation (18) 
B. Simulation of wind tunnel dispersion
The rate of dispersion was measured in decaying grid turbulence in a wind tunnel at Division of Atmospheric Research, CSIRO, Australia. Best-fit formulae for turbulence velocity statistics are where U(=548 cm s 1) is the mean velocity along the wind tunnel, X is the streamwise distance from the source, and XO=31.0 cm is the distance from the grid to the source. We estimated dissipation rate e by the means indicated earlier. 
C. Estimates of CO from infinite Reynolds number flow where
The Reynolds number for atmospheric boundary layer turbulence is (effectively) infinite. 
2( +(
W+ 1 (9' dW+= -dt+ ---I 1+-y-dt+bd~, (23) 
is the uniquely correct one-dimensional model for Gaussian inhomogeneous turbulence; that is, it is the "uniquely cor- 
would be unduly bold to claim the present generation of LS dZ models as ultimately correct, and may expect Thomson's where d;(t) is a Wiener process (dg has variance dt), and 1987 criteria eventually to be superseded. The above logic does not guarantee that the conformance of (properly se-
24
lected) LS models with atmospheric observations is optimal, K= owT= CO (27) when Co=5.7. In fact, several workers have found otherwise. For example, Wilson et al. 6 found that a better fit to observed is an effective eddy diffusivity. dispersion (Project Prairie Grass) is obtained using (in effect) Flux-gradient experiments in the horizontally-uniform CO-3. and carrying out a simulation with the revised first-order model, we found that Eq. (29) works well, especially for the wind tunnel experiment (Fig. 3 ). For comparison, we also show the prediction with C=3.0. Figure 4 shows the Reynolds number in the range of interest of the wind tunnel and water channel experiments. This helps to explain why the correction (29) is more significant for the wind tunnel experiment. In the water channel, the Lagrangian Reynolds number Re* is sufficiently high that the Reynolds-number correction to the first-order model is not large. But in the wind tunnel experiment Re* is lower, so C is significantly different from its asymptote.
VI. CONCLUSION
The Sawford 9 model has been shown to be implied by a generalized well-mixed constraint, for (hypothetical) homogeneous, isotropic, stationary turbulence, for which the Eulerian joint PDF for the velocity and acceleration is (putatively) Gaussian.
We have extended that model to cover decaying grid turbulence. By comparing measured and modeled dispersion, , the first-order model also gives a very good prediction, suggesting that Sawford's revision of the first-order model for finiteReynolds-number flow is satisfactory. This is useful, because first-order models are simpler than second-order, and require less Eulerian statistical information on the flow.
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APPENDIX: THE PDF FOR FIXED-POINT ACCELERATION
The spatial derivative of velocity is not Gaussian,' 2 and recent studies of isotropic turbulence show that, even if the single-point velocity PDF is identically Gaussian, the distribution of the pressure fluctuation is negatively skewed.
2 7
While it is not clear how these non-Gaussian properties impact the Eulerian acceleration PDF, we believe the latter is non-Gaussian on this and the following evidence.
Recall ates from the Gaussian distribution as r gets smaller. When r is extremely small (7-t,7) , the distribution appears to be exponential. This suggests the PDF for Eulerian acceleration may be exponential, and symmetric about A =0. We derived a second-order model (for stationary turbulence) from the exponential PDF, and compared its prediction for tracer spread with the model of Sec. II. No substantial difference was found: out to t/TL=10, the maximum difference was less than 5% in uz, and had no effect on the choice of CO=3.0±0.5. In modeling the mean concentration field, we are concerned with low-order statistics of highly integrated properties (position is twice-integrated acceleration). For this reason, we suggest that for our purposes the adoption of a Gaussian PDF for Eulerian acceleration is acceptable.
